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hereafter
hapter 1 IterationandOrbits allowsforindefiniteiteration

Defn Let f A IR suchthat AER and f A A 1E f A A For a A we may itera

hefunction at a

x a

all will exist in A

We call Xn Xn we call that sequence the orbit of a underf

f x 2 2 2 a 1

9 if eventually constant periodic

fix x x 1 a o

o i i eventuallyperodic w̅ period2

flx x2 3 1 9 1

I 3 g a goes to infinitythewilltalkabout convergence divergencelateron

f x 2x a 0.5

015 0I5 0.9375 fig converges

MYQDoes it everequal isthat a
distinction

f x 3 3x a 0.75

0.15 1 8 8 0625 i631 0552 This is chaotic behaviour Forar giant

Defn f A IR FCAe A Wesay at A is afixedpointin f iff f a a In this case theorbitof a
s a a a which is constant




























































































Find all fixed pointsof f x x 4

hendoes 4

x2 4 0 2 Willoftengive low degree polynomial

Ex Howmany fixedpoints does f x aspicturedbelowhave

Geometrically afixedpoint occurs

WHICH when fix intersects y x
L u

Ex Prove that fix 3xH has a fixedpoint

solveso
Infermediate

Valuetheorem

ince g x is continuous g o 170 and gD 2 0 ByIVT Fxeco i sit gex o fix

efn fit IR feal A

We say a Ais a periodic pointfor f if its orbit is periodic I E theIN f a a The least
such n is called theperiod of a andor theorbit

Eventually periodic them fla fmca




























































































f ff.fifkoa
D10,1 10,1 where Dla fractionalpartof 2N aka 2nmod1

a

It is an important function as it also provides a rich sourceofperiodicorbits

obit 5,25 I Thishas period 4 fi leadsintosomecutenumbertheory with GCDs

Ex D a to
orbit to to this is eventuallyperiodic withperiod4 The Doublingfunctionwillcomeuplater in a

more meaningful way

Everyday functions maynot exhibtperiodic orbits

Q Given f and a does f a tend towards some limit L Thisdoes happen surprisingly often

helanguageofthiscourse vsElementary Real Analysis

otation

If Xn is a sequenceof realnumber we write Xn IR 878 butreasonable

Defin Xn R at IR we say xn convergesto a iff forall 0 thereexists NEIN s t Ian a

forall n N depends

oneWewrite n n or Liman x

x Claim 0 Let e0 begiven

ote h E note

onside µ
ftp.TTYauemmber dffi

aidingfunction it to bringthisto anaturalnumber

bringthisto sothatweensurestrictlylessthan Epsilon




























































































claim 2 2

Let ETO begiven Letus choose NeIN s t

or naN 52
973 41

ifyoudividebylessofsomethingyougetsomethingbigger

617 618 E

efn Xn IR wesay Xn is bounded if7m70 sit neIN Xn M

rop Xn IR If xn is convergent then xn is bounded

Xn C1 shows converse is not true

Proof Suppose Xn then NeN n µ anxp I
picked blake'sfavouriteis

or n N
this is thereversetriangle inequality makesureyouknowHowtoprovefromtriangle inequality

1h1 11 xnxl 4 xn It la this isonly truefor nan

o Let M Max lx.la lxn.it It121

ropLetAn x y y Notsuperimportanttous
value is in workingwith

Xn t yn a y defn ofconvergence

nYn ay

roof

0 Let 0 begiven Thereexists N NzeIN st

norN un a E

n Nz yn y




























































































or N Max N N and n N

Xn yn y xn yn y xn yn y LE

O LetETO begiven

ote

Ixnyn xy ng ing any xy in yn yty.vn y

nee Xn is bounded M70 n Ixn M

et N N eINsit No N n XI 191 makesurenotdividingbyzero

n N lyn y Em

r ne N may NN wehave nyn xyl E by




































tetanted

Def'n we say Xn e IR is Cauchy if EO 7NEIN n m N n Xm E

ointofClarification TheWednesdayclass before theassignmentisdue we will coverall thematerial needed
or theassignment Alsowecan use calculus 2 Alotofthiscourse is in thelanguageof CalculusandReal Analysis

rop Convergent Cauchy

roof LetE0begivenandsuppose Xn is convergent Say Xn RER There exist NeIN n N

an a Then for n m N T.fi itationdonwhhfathouldbeinthebox

Rn Xm Xn X X Xm Xn X Xm E
of
ffed

Fact Xn IR Xn Cauchy Xnconvergent Thisis also apartofthe CompletenessofIR

BigIdea Toprove Xn is Cauchy youdonothave to guess thelimit thiswillbeuseful forfixedpoints

Defn f A R A IR at A we say fis continuous at a iff.VE0 870 S.t fix Fla Ewhenev
REAand ads

close values inthedomain givesclosevaluesinfunction

act f is continuousat a iss viii i withan a we havejixiiijiaittpii.ieiiiiiienconvergenceand
canproveas an excersize continuity

highlydependentonthat fgoesfromcab Can

rop If f ab ab is continuous thenfixhas a fixedpoints

oof we know f a aand fib b f a a 20 and f b b O

y appling the IVT tothecontinuous function gx fix x Fxe ab suchthat g x 0 fix

apreviewofwhycalculus is applicabletothiscourse Epsilons willcomeback

efin f A R AER we saythat f is a
contract.in Jj j ii c.grgt

x.yropContractions arecontinuousateverypoint

roof Let 0 begiven Suppose If x fly c x y asbefore Fixyet consider8 fifty



nd Assume A sit x y 8 Then

fix f x C x y S E
grtfunction a problematic not acontract bc it dropsoffato

efn Wesay A R is close iff whenever Xn cAwith Rn RER then eA

a b is closed

Ex 0 I notclosed 0 0,1

cream Banach Contraction Mappingtheorem SupposeA cR is closed andf A A is a contraction

then there exista unique fixed point att forf Moreover REA f x a hasacuteproofallegedy
willproveonmonday

f 0,1 10,1 fx Ex
ote flx showsitmapsbackinto0,1

alsonotanontofunction

f x 315 f x

By the MVT x y e 0,1 to e 10,1 sit fix fly f c x y

f x f y f c x y
I

fers
f x is a contraction

x23 1 0

3 2F
321

i x 10,1 fn x 352



ffjni.ae If IIf eeaonpiagza assignment i duenextweek

markTheBanachContractionMapping is almost like a blackhole

ecall an IR wesay an is strongly Cauchy if En 10,0 st

E En a Highest

n an Anti En

int an L Egg it

sit

thefactyoucanmakeup a tailend a seriesofthem andaddingup is arbitrallysmall

roofof BanachContractionMapping

et A IR be closed andsuppose Ce 0,1 st f x fly elseylforall x ycA Take a point Ro

nd construct 2 fero 22 fix an fernD frexo thisistheorbit wearen't ingestingmany intheorbit

new am an fins fun i in a fund final I xn xn

I x thisisgeometric

nee C la not is a convergent geometricseris wehavethatan is stronglycauchy Hence an a forsomeat A
this.isecausedomainis

ince f is continuous f In jpfff
Be an a an flat flat a

uppose a b A St fca a and f b D then fca f b clab 1a b c labl Since ca

a b o andso a b This is our strongest fixedpointtheorem This is the big analyticresultsfor
existence and uniquenessofODEs

Chapter 2 Graphical Analysis

to Visualize the orbitof a under f
Superimpose y the y a



Use a vertical line a a a f a

Use a horizontal line a fla Fca f a

Vertical line Fla fla Fla Fla

Use a horizontal line flaFta Flaffa

te

1 Using onlinetooland f x x2 x 1 fixed points re l

orbitAnalysis

herise xh In Inassignmentonly expectingthis sortofananswer



Lesion
r flu 2 2 5122 1 at x 0 wehave an orbitof0,1 2 which is periodic andgraphical is a cycle

oints near O like 0.06 show aos The graphical
Analysis look does show chas

Chaos alsoshows density Wecan never hiteverpoint in the interval ble an orbit is countable
but 1,2 in IR is ancountable It is dense ex rational numbers is densein 0 1 EIR
We will define dense in a bit

hapter3 fixedpoints

Remark If fla is continuous and f a L then f a FCL comesfromcontinuity Wealsosawth
FIL L intheBCMth

MotivatingExample

a x fixedpoints 0 l

for ktC1,1 weseethat f x 0 Thisisanexampleofanattracting fixedpoint

re 1 0 f x 0 and set a 1 f x 0 wecall repellingfiredpoints

noonleftof noonrightoft Noonrightof1 noonleftof1



Motivating Example2

flu 23 3x fixedpoints 0 2

0 is repelling inadifferentwaythen lastexample bc right leftto 0 is chaotic

tothe rightof 2 theorbits gotoinfinity leftof 2orbitsgoto infinity So 12is also repelling

atno 1 theorbitiseventuallyfixedto thefixedpoint 2 forno 1 theorbit isev

n

a 0.3 no0.3 i onleftof2 noonrightof2

orbitof201 orbitofdo
Defn Let q be a fixedpoint of f x

if f a 71 we call a a repelling fixed point

if f a al we call a an attracting fixedpoint

if f a 1 wecall a a neutralfixedpoint thiscanmean a whole bunchofthings

Theorem Attractingfixedpointthm

Suppose a is an attractingfixedof f x then an openInterval I suchthat at I and

RE I neIN f x e I slightlyunnecessary becauseifflaE I f a EI

FREI f x a



efn f A IR AER

0 wesay aft is nonisolated off 70 7bet withb a s t be a E ate

Let att benonisolated Wesay fimafla L iff Eso 80 flu L LE whenever actand a e a

if a was anisolated wecould choose a 8 where a aas isfalse Leading to afalse hypothesis which leads to a

ways true awnserandhenceanythingcouldbe thelimit

0 0 isnonisolated

1 U 2,3 1is isolated

oof Attractingfixedpointthm tolonnie in her 6

ssume If a Then ceR sit If'allcc l

4am If ac

us 870 St fla fall C a e a 8at8
x al

ence for at a 8 atf flu f a C a a contracting



ftp.fff fdk
Firstassignmentdue 1159 onTuesday

iigf.i.fiiiiiiiii.int ii itiiii

f Ii.itiiiiii iim no t.fi tiii iii.in.aa iii n

ay Ifa acat sothatlim

n particular for net Ifla flail Ifa I I fail fla e I

annuing for net tea a it iiii iii mate Finan for not at.fi f fiiiin
so

ote Ifthequestionaskstousea E8proof thendoso

corem repellingfixedpointtheorem

Ipa point int fkj1erena stwner9gor enmeintyYnc I Katt a as hens.t fin I

oof Say f a c 1 then Ia c andso I 870 sit forall re I a 8ats Ifa f a Claal

nee aisa fixedpoint Ifa flat fcaal Suppose Én F e I Asbefore f a a c laat thisftp.hhyafffa

hat is a neutral fixedpoint Alot

vestigation NeutralfixedPoints

fla x 0is afixedpointan Ifall bounces around

flu x x2 Ifcost1 attractingtotherightandrepellingtotheleft



flat x 23 F'co 1 this isweaklyattracting attractingbuttoo slowly happensin assymtopesituations

flat at x Ifioll1 weaklyrepelling repellingtooslow

Motivating Example f a a 1 aO
orbit co 1,01,0 1 oisaperiodicpointofperiod2 nonear o shows orbits getting closerto 0,1cycle
wewill call 0 an attractingperiodic point because 0is an attracting fixedpointofF a



Lettie
Defn Let a be a periodicpointforflat withperiod n wesay a is anattracting repelling neutralperpointforfix iff a is
n attractingrepelling neutralfixedpoint off a

r strictlyperiodicorbits noeventuallyperiodic thepoints intheperiodicorbitarefixedpointsoff a Alsoeverypointintheorbit willhavethesamelassificationasthepointtested bypropositionvalueofderivativemustbethesameforanypointinthecycle

op Let flyg neefun go.ie
then

f a f a f fca f fla f f a

of Induction

f n t f a f a

Assume theresultholdsforsome n nal

hen f x f Fla f fha f a

ten Cat Éc f
H I

x f a 3 2 Ex 1 a0 orbit 0,12,0

f a 3x 52

3 1 repelling

Lapter4 Bifurations

general Bifurcationtheoryis thestudyofhow afamilyofcurves canchange when a defining parameter ischange

e willconsider thequadraticfamily Qcx x2
Idea die c affect thedynamicsofQeix

findthefixedpointsofQ
getc a x2 x to 0

V1

Qual has2fixedpointswhen cat



Qca has 1 fixedpointwhen c

Qc a has nofixedpoints read when a

f C Qi a mustdivergeto is

fC Qca hastheuniquefixedpointofp SinceQica 2x Qi 1 sothisfixed point is neutral Ip right

c Geiselhas 2fixedpoints

Pt 124T p 1 1145

Cpt It VII I p is repelling

i
www.sina.caQc p1 1
c Qcp 1

corem For thefamily Q.la x2 C

0 All orbits tendto if cat
when c Q.behasauniquefixedpoint andit is neutral

if ca Qca has 2fixedpoints pandp_ thepoint pt is repelling
oneover

a If cc p is attracting

b if c p is neutral
c if c p is repening



f undergoes a bifurcation at a if there is a change in fixedpoint
structure at do

I Q a x2 to do

efin A family F x undergoes a tangent bifurcation at do if there is an open interval I and Eso

a has onefixedpointand it is neutralI ii in oneanraaingandtneotherrepening
or with

get y x y x

220 7 20 2 20

x E a e 1 do 1 This is an example of a tangent bifurcation

i F a da1 a do Not tangentbifurcation

Chapter5 CantorSet

investigation Qc a 22 c ca 2

p IT 2 p 2

consider I 1Pt Pt and I I
n J is asking whichsehas yvalues in J

whichis how these intervals are

picture not toscale

et 5 I betheInterval s.t.Q.la I forall aeJ

or ne J Q a o Moreover If n sit Qi a cJ then Q a o

onsider A xeI Q a I n

g Idea A contains all the points withinterestingorbits



J REI Q.ca I

I xeI Q.ca 3 net Q a I

JsJuJs

men 1 1115 usu is a cantor big ii it a ans
symmetry comesfrom the cer parabola

a s J s a etc

g self
treating

nature



One quartermarkforthecourse

iiii
iitiitiility

1 In later.mgjfnI tn.QicaltI
cantorset

onstruction Cantormiddle thirds set
remove openmiddlethirdinterval

v13
G 0,4u14,5v13 v1 I

Cn Cantor middlethird set A or set is taking out achunkoftheinterval infinitely we cansee that

he end points willalways survive

roposition An IRclosed Then An is closed

hy CaneMan an a n CameAn atAn atnan

position AB IR closed ThenAUBisclosed

hy CanleAus anta Whoa n aneA is infinite Thisallows us toconstruct bn As.t.br a SinceA isclosed
A AUB

eorem kis closed infactall cantorsetsare combinethe 2propositionsabove togetthis

eorem Kcontains no nonempty open intervals
HausdorffproperityofIR

a a e no union is a.fi

s consider thebase 3 expansion of aelo a 0 eco.az

s 0 s 2
0 1

is ta kill



K iff r can be writtenin base3 using only o's and2s

bek 10.1 10.022222 theory baseα

theorem k is uncountable 1h R1 cardinality notimportanttothiscourse justfor interest

ow to remember 0means left 2meansright

Starton6 on monday



Assignment 2nowout First 4Qeasy Last4 NIhfff.fmffffhgHtI Midterm march 1ˢᵗ contentcutoffis already happening
Midtermmayhave proofsfromnextpartof course afterassignment2 content
For Q w̅ classifyneutralpoint use cobwebb thing

Recall Q.la a c ca 2

I IT I I pt.pt J ne I Qc a I
J re I Qca eJ
J re I Qc a E J

1 I Usi xeI nQilae I this is a cantorset all cantorsetsareisomorphic knitter
mo

otation

ID Iou I

I IremovedL I Ideawehave aleftpartandarightpart

n For re 1 wedefinethe Itinerary ofa tobethesequence

Sca Croreax aego

d 8 You direction 4119myfy

here 2 0 Qila To
2 I Qi a Ii

oal Understand sca better

tation Ʃ x x x x 0,13 we dropthe commas

inp.gg
cauyatransform claimsitseasiertoworkwith

e iii I S a iii is
d x y 0 iff x y
ayeX d xy dlya

y denz d z y triangleinequality

wecall x d a metricspace

de dlry distancebetween x andy



R d x y layl

x X IR dlag cxiypt.i.itiany.it TheseareallMetricspace

g g un man

AER For ay A d x y Ixyl is a metric A d

x Cantor Space

Ʃ
dL ET

eyringS corier series

j o connections

dynamical systemsonmanifolds
x y is cancelin every evenstep padic numbers Very m

1 I s

roposition UY Ʃ
if ai y for ien then diey In First fewterms carryalot

of weight
if dlay In then Ki Yifor isn

hy
dlay Eh In In gaffmfaffometric

dlr y In

k n a In diry In hence contradiction

000

y 11000

d xy to 1 But noyo thisshows that proposition cannotbe iff
efn Shift map

a.mn
emark okcxox.az RKRK.net



hatsnext

now 0 Ʃ Ʃ is continuous
givesus

0 Ʃ dynamicalsystem

S 1 Ʃ homeomorphism means 1andƩare samespace

0 Ʃ Ʃ chaotic Qc 1 1



iii iii iii ii a.ua
In yes for.tnI2aet

shy f x is continuousat yexiff.ve so 8 0 rex day as d fla fly E

we say f X 4 is continuous if it is continuous at every yex

roposition 0 Ʃ is continuous

roof fix yeƩ and let 70 begiven Say y Lyoyya Take ne IN sit In E

consider 8 Inti Let a x x x Ʃ s.t.dk y 8 R y for i 0,1 sn 1

en a x x x 0cg gyay and a y for i 1,2 nH

By Previous Prop dloca.org n LE

Defn x d xn c X Rex we say xn converges to a an x iff Vero NEIN no N
dexn x E

roposition x d x d f X Y Then f is continuous iff flan f x whenever sensx

Jef'n x d A d f X Y Wecall f a homeomorphism iff
f is injective onetoone
f is surjective

f is continuous

f is continuous

investigation f X Y is a homeomorphism

Xn ex xn plan flae

yn cY yn y Say yn flan y Fca fan a fcycad flyer an re

ig Idea f is a relabelingofX to Y we thinkof XandYas the same metric space

omeomorphic spaces are basically equal



empark
e n seaCroRn

we know that notIxo a e Ix QilaeIxz
SCQ.ca x x OCSca

S Q a onSca these2 are friends andwork together

theorem S 1 Ʃ is a homeomorphism Aim is to define
andprove chaos

theorem monotone convergencetheorem

f an IR is increasing decreasing and bounded thencan converges

theorem Nested Intervals Lemma

If I Is Is areclosed intervals then n In
P s

dea In ar.ba
a b az.bz as.bz

an increasing an a b
bn decreasing bn a b

39 MCT an a and b
theyconverge

a b In scenario a b



and homeomorphism

emark This is true for ca 2 we will provethe result for cc 54
Az xe I 1J I UI IQ a 17M 1 µ exists by ourAZ Q fortheabove a values

Firststepincantorprocessitinerary

Ffsfirst show it is injective

uppose a yet with sea Sly but x y Therefore n Q x andQily live inthesameIoand I

I
Io I

By the MeanValuetheorem
IQ.ca Qely a xyl

me a I I and I we have thatQeld Qely thus

IQ a Qily m x y

IQ a Q.ly unlxyl
ince my uhx y co However

IQila Qily max l I I length willbethesame

contradiction

unjective Let y soyya e Ʃ For meIN Let Iyoyn.sn re I a IyoQ.cae Iy Qica Iyn

is enough to showthat there exist at Iyoung Sca y

learly Iyo Iyo
thisisaninterval

aim For all ns.OIyoy.ya.in is a closed interval First Igoe Io I is aclosed interval Assume Iyousn is aclosed

erval forsome no0



ote seeIyoy yngn eIyo
fix x B Y

a e Is Quada e Ig Q.IQ x Iys f B exfineB

I nQÉ IL similartoHowshiftmaprelates

Induction Isyaint is closed Interval Wehave Iyyayn Iy I I

i
a I Hiiiiipaclosedinterval

I
Io I

Q Is gna is a union of two disjointclosed intervalsone in Io and onein I Returning to

IyoAQiIsisuna

oneoftheseclosed intervals This proves theclaimBytheNested intervals Lemma see Igoyn HenceScaty and
so Sis Sujective

continuity

In yeAandsay scy yoyya Let Eso be given and choose n suchthat In E Consider the 2

sjoint closed Intervals I tot tn Pick870 suchthat y 8 yt8 only overlaps with Iyoy yn Note yeIyoy yn

or at 1 with in glag at Igoy gr
m
iifstn

termsagree

dScaSly InCE

ntinuityofSt
Similar



1362024 it fi r ngween weeksafterreadingweek nothingduethisweek midtermmarch1 midtermwillbeina.li

hapter7 Chaos

erin ixd wesay Aexisdense iff rex reso taea sit diapel e

Qis dense inIR easiestway todoso is byDecimalexpansion and cutoffatacertain ofdeiemalpoints

2 is not dense in IR

A a Ʃ N N a 0 sequenceeventuallyanzeros this isDense inƩ

oof Let seeƩ and let Etobegiven Takemens.t I E Consider y non noo et then diag ce

Su T.ITLpterioi isdenseinƩ hint y rose sina.sean where a.esand as agreeuptothefirst n terms

emark A atƩ aperiodic is exactlythe periodicpointsfor oƩ a shiftmap

op thereexists ze Ʃ sit okla Kenues is dense inƩ therecouldbemultiplez butweonlyneed 1

of take z.co an gifting
outacombinationsof01 blocksforanpossiblelengthsthisensuresany reswillbeclose

are seesandero Let E Forsome o c int ag in fit Iii this I a t.ae

fin ADynamicalsystem is ametricspace xd together with a continuous function f X k Thisallow to wmhaetncwepahqe

otation fix dynamicalSystem

I o Ʃ is a dynamical system

Én Let f x x bea dynamicalsystem wesay f re x is transitiveiff r yer Keno 2ex n.meNuEo
t die encz E anddayemcz e nomatterwhich 2pointsyoustartwith there isanorbitofapointthatis close to themyinal

position o Ʃ Ʃ istransitive

of it I s
msn.esIrian is denseinƩ ForallEso myeƩ n.meinusoset dexone e and digoma e

doesntneedto bedenseinorderforthefunction to betransitive

eji f beaDynamicalsystem we say f x depends sensitivelyoninitialconditions issensitive igg É we

yex 7K IN suchthat



diay E
defla fry β this is similartostableunstable

op 0 Ʃ is sensitive

roof take Let 0 begiven andletseeƩ Say In E and suppose yeƩ is a orderg In thuskzn.s.tkYr dCoka okcy lai.fi



is i
The periodicpointsforf are dense inx
transitive

Sensitive

corem 0 Ʃ Ʃ is chaotic we have already provedthisabove

Doeschaos imply repelling Profmustthinkaboutit

position xd x d and f continuousandsuper if isdinse I xthen f A isdense my

oof Let ye andsay L so begiven since f is continuous at x 8 0 it if defiz fca e

nee A is dense in wemayfind aet suchthat dia a as fight fiance
d fla y E

neorem c
5 4 then QcA 1 is chaotic

roof p
thistheoremto theabovethemthat 0 Ʃ ischaotic

Notethat Q a a for a thatisperiodic in Iii
on six Sk

Byusingthe previousproposition with S Ʃ 1 theperiodic pointforQcaredenseinA

Transitive

Take zeƩ suchthat 042 KeINV 0 is dense Again Storz Keinv o isdense in 1

Note say sca z.SCQ a otsia Qc a stokesca Thus aicalKenuso is dense in1
as before Qc 1 1 is transitive

Sensitivity

Recallthat 1 III Io UI Letβ o belessthan thedistance between IoandI For ay th withsexy Sca Sly

k suchthat kth termofsix kthtermofscy Hence a a Qily β
the forHitsIfr

End ofMidterm
Material



ii
7 I ontinuous If fhasapointwithperiod3 thenfhaspointwith n forall nt IN

reposition1 Ie J areclosedIntervals f IR IR is continuous If f I J then fix has a fixedpointin I

Why a b I J cd

f p d f g p.geI

g x flat n is also continuous

9 p Fap p
eepletteyg.tt

biginterval

99 fig g d.iq
ofbigInterval

y Ivt Jzglz Hz 2 0 flz Z afixedpoint

reposition2 I J beclosedIntervals f R Rbe continuous F I J then closedInterval I'c I suchthat FLI 5

fi Iyes

roof
Period3

aer be a period 3 pointfor fire Say flat b f b e f c a Whoa suppose asbc

CaseI aabac
Case accabsimilar

et I a b and J b c Observe flat b and fb C JE f I and fill C flea IV FC

nee Je f s closed Interval A suchthatÉÉ Again A J flat andso thereexists a closedinterval A cA

uchthat fAz A

Fix n 3 Repeatingtheabove process wecanfind An.aeAn3 E EA EAEJ suchthat f Ai Ain
int



w FCI J An I I closedinterval suchthat fAnn Anz

oreover f J I An An J closedintervalsuchthat fAn Ant We have f An J and AneJ Bypropi

cAn suchthat fng for
its theperiod

Ote No An fixo eAny I and filx.se for i 2,3 n Supposefixo no forsome i n

fly f y d
overlapinbothintervals

flad b f no c f no a at butthat's not true at I Hence nohasperiod n

arther f 3 J andso f has afixed point prop1 in J

it's

s a e s in If fire no not and flao I
but f b b ble feb c Thus a contradition Hencenohas period2

TOMEWORK acc b



Lec16
teh12th20237
eemjR I continuous If fhasapointwithperiod3 thenfhaspointwith n forall nt IN

oofisbasically repeatingapplicationsofthe Intermediatevaluetheorem3 isimportantbecauseyoucancreate 2 intervalswiththe3number

9
3 aI 817 1 225

Orbitof1 in 3 4 2 5 I
I has aperiodof52 3 s

laim fhasno point withperiod3 Suppose fhasapointwithperiod 3 Note is 5

at11,2 see1,2 p
weareassuming.se isa periodicpoint

I contradiction bc 2hasperiod5

at 2.3 see 2.3 nf C2,3
2,3 n13,5 a 3 but againcontradiction

see 4.5 4.5

x 4 but contradiction

Re 3,43 n e13,4 n 43.4
3,4 n 1,5

f 3,43 2,4 strict decreasing

f2.43 12,5 striclydecreasing

g 2.5 1,5 striclydecreasing

f x is striety decreasing since strictly decreasing fix onlycrosses theliney x once

83cal has a uniquefiredpointin 3.43 but it is just the fixedpointof f in 3.4

f hasnopointwithperiod three

Sometimes afunction has period n but not period k



8in

or 21 notperiodic
ex 1 to period2

0 period I
not periodic

2.342.542.442.942.11

a

23a22.5 27422.9211

2ns2ns 2242 1
his has created a total orderingofthenatural numbers where 3is the smallest 2isthesecondlargestand isthelarges

2 13a 2 5
21 3 a25 UneIN n 1

theorem Sarkovski

Let f R R be continuous suppose n.meIN with namLinsarkovskiordering If f has a pointwith period n then

t has a point with period in



I'llswitchupthe polynomial trig experiential onthe midterm

i i
LIFE 11211 lait ait tn

d i g 11x ̅ Ill is ametriconIR

It R 70 Theopenballofradius epsilon centeredat x ̅ B x ̅ jeRn 11x y1 E

Wesay UeIR is open ifandonlyif ÑeU 70 Beta H

iii
notoren

anythinginYhafundthedot

A IR I A boundaryofA

precisely theclosuretakeawaytheinterior

et'n we say se.IR has topological Dimesion O iff xe̅s arbitrarysmall openZen sit

214715

iiiif iii dimension aimex.no
isolated points

Ex neIN v40 dim 0 nonisolated points

Becauseofthe Hausdorff proprety of R doesn't this imply any Hausdorff dim 17 0notion

Defin SeRn we say S has topological dimension KEIN iff ties thereexists arbitrarilysma
It ns.t 241ns has topological dimension k 1 where k is minimal with this property

Ex X NÉ aimed dim l l



Ex
intersection

dimex l

Iiii
venousexam

dim 2
This is a recursive definition

x X is anon fillesphere

Time

Yim 2
eventhough3D topologicaldim is2

Ex is a filled sphere

Ekspur dim 2

dim 3

filled sphere is bigger than a hollowsphere

Defn SER we say S is selfsimilar if S may be divided into k congruent subsets

eachof which may be magnified by afixedM to yield s itself

we then definethe fractal dimension of S by

dimes I hi
Jef'n Afractal is a selfsimilar SEIR sit dim S dimes

1111 dimex l

dim multiplier getbacktheline



X be Sierpinski Triangle

Hi itff
etcdimeX
ldimfXffl In helps sothat nomatterwhatiteration itgivessame

1.585

Distance between fractal timesionand Topological Dimension gives a measure of how crazythe fractalis
Sierpinski Triangle pretty tame



is
ff.etedimtX
ldimfX

log
changeofbasisformula

Ex CantorSet K

in fit in in Foreverypoint in the cantor set there are
arbitrary small amounts of points around
that point Hence dimpk O Minimally
comes into play here bc you could

dimfk.ee f
find a point near a boundary

magnification
93'2 0.63

x Koch Curve

This is afractal The Kosh Snowflake is not totally afractal accordingto our definition

dimex 1 dimex n log4

A Box Fractal

ifeng.ggi
pen

M an
etc

this is pathconnected

dimX l

dim then log 5



Minkowski's sausage

N They
dime L dime 1k log 8 32

TheChaos game shodor.org interactive activites TheChaosGame

can create fractals

fractals can come fromiterated functionsystem

Google CGR DNA



Lec19Feb26th2024m

ecale Chaos Game

0 Startwith the verticies ofanequal laterial triangle

Pick pe 1R

Randomly selectavertex V

Replace p withthemidpoint pvi

iterate

Question wheredoes the orbit of pendup Awnser Sierpinskitriangle

Goal Formalizethis

terated functionSystems

in so e1R and fire 0 β l contraction factor

onsider F 191 β ie FCP BcpPol to

f Po Po fixedpoint

11Flp ftp.lll 11Bcppoll Bll ppoll

11Frcp poll β11ppoll 0 F p p

Defin O B l RPa PneR2

Fi p Bcppit Pi We call F Fz Fn an iterated function System Fire potIR Randomly select fi
Let g Figo and continuing

iterate
nation

hesetof points in which the orbit g 92,93 must eventuallyendup in is called theattractorforthe IFS



ChaosGame P V PzV2 P V3 B

i IP p pi pi p Vi midpoint pu

F Fz Fz IFS andthe attractor SierpinskiTriangle

Is Here we have
theorbits are dense in

as
d ability

the attractor set

Ex Po 18 P 8 Pat P3 i p and β
or s
F F

a Boxfractal Attractor

Think where one iterationoffunctions go to

Ex po 8 pi b P2 9 B

Attractor Right Sierpinski triangle



i

i 31 i f's

g go e 1R Say theorbitof FoF is goggr qn with random selections S52,53 site

Note yn Inyo

onIn
5x 25
no

an no at 2

angets arbitrarilyclose topoints oftheform It where tie 0,2

herefor the attractor of theIFS is neCantorset

graphically

Cantormiddlethirds

Fit tt tt

Generalized Iteratedfunction Systems

seein Anaffinetransformation is a transformation F.IR Rn Fci AE 5 where AeMnR Jer
dea is that its basically a lineartransformation bc it doesnt need topassthrough theorigin
Moreover we call F a linear contraction if to a l such that 11Flat Fly11 alle 511 fffe.ci

gn
a I
sino coso

andOpal

FR R Fci βAx ̅ 5
scales by β
rotates counterclockwiseby

2outof the 3 ridgid motions

3rd in reflection

translates by 5



ef'n we say As R is compact iffA is closed and bounded

otation kn A IR Acompact

Defin Let F Fa Fr Irn Rn be linear contractions wecall F Kntkn F A F A UELAv UFre
an iterated functionsystem

hotwelldefined inthisdefn but it is compact Boundedonbothsides

e will
0 Equip kn witha metric

islandcontraction

Show F has a uniquefixedpoint A and AcknFCA A
we call A the attractorof F

I F II I I thisrotatesby
splashes

F lil I I it ohtranslates 1step
L line segement from 18 to b

L

FIL c

F L

ragonCurve Videoby matheticalvisualproofs



2speakerslinedupforendofsemester tryingtogetasmanyspeakersashe
assignment due Mar12th Mayhaveclass on april8thii.i.fiTn

each F x ̅ A x ̅ bi and 11File Ffg I alla gli where ae10,1 each I will havethereowndibuthe
a myxtail Theseare Linear contractions

onsider kn AcIR Acompact remebercompact closedandbounder

ct AeRn F A ekn meanswecaniterate

do Equipknwith ametric We willconsider FRn Rn FCA F AUFZCAIU.a.UFr.CA Fgivesyoualloftheimagesatonce

do Weshowthat Fhas auniquefixedpoint Aekn and Aekn FCA At likebanachcontractiontheorembutweneedme

ecall F an generalized iterated functionsystem Wecall A its attractor

Iii
F x ̅

et A.bethefilled trianglewith vertices 0,0 1,01 I E

Atthis istheSierpinskitriangle

OR

I
matterwhatcompactset youstartout with you converge to samething

L Ii I
E it I ii.lk seeadffgrotationmatrix



Fy Ii x ̅

d L une segement from 10,0 to 1,01

are

x 0,1 1011 the filled square

Iiii
emark Not quitean IFSble F isnot a contraction no longeralwaysconverge to an attractor will dependon I
e LEG FCA will depend onA But turnsout forus limit does exist

not congruentshapes
n butstillverysimilar

Defn HausdoffMetric

JeRi A.BERn

d e B min 11T511 b B impf is amin Extremevaluetheorem

d A B max acaB act thebiggest shortest distance

JCAB max dcA.sidBA



PMATH367 213 pointset
topolo
gj algebraic

topology

351

coreq.siE fiiii.smnan.nisnan unre
a www.amff is

symmetricthatthemotivationforD blethemaxinit solves thesymmetryissue

x A 11,1 B no

graph

a b i
Qis class wouldminwork Probablynot bc triangle inequality probablyfails
thereason we have amax in action is bc we want to only have asetbethe sameis that iftheyarethesameset

nally DCAB max 1 a V2

emma 1 Let f IR R be a linear contraction such that I fee fig allx ̅ 51 aecoi
or ABe kn then D FCA FIB aDIAB

Proof First defca f B z.in fear fibill

biganabit apin abit

aacaB

nd so defca fats mg actionfee comes from

a diaB I
defn proprietiesofminmax

dFca FIB aDCAB

af AB convince yourselfof this

emma2 For AAzB B ERn DCA.UA BUB max DCABD DCAzB2

roof First d AVaa B002
amygadearBuBz

max I dearB.ua may acaBus
Yifan

max a deaB am dcaBzl Bythemin inthe definition of dietB

max acaBil dearB2
max Dea B D1AzBal



d AUA BUB max PCAB DCAzB2

imitarily dCBUBz AuB max DCABz DCABA

DCAvAz BuBz max DCA Bi DCAz.BZ

Lemma 3 Let F Fr be linear contractions with contraction factor ae 0,1
consider F kn kn FCA FCA OF calo u CA Then DCFca Fcs a DCAB

roof wehave DCFCA FIB aggy DCFA u FB By the inductive generalization
of Lemma2

7 aDCAB ByLemma1
ADCABI blenomore idependency This is technically a collory

fromclass can beinfinitleymany probsnot bc wemay lose compactness

efn xd metric space

Wesay xn X is Cauchy ift e o NeN nm N den XmlCE

Wesay is complete is complete iff every Cauchy Sequence Xnex convergesto some ex

Ect kn D is complete yayforus
useful for us



Guestspeakers rightnow 4 but hopingto get5 Thiswill take castz weer

Hand specifies 5pm no pne
beon final 50 ofFinalMcsi i

ffImEIjf may4
arelinear contractions

kn kn Ble the function

TAI FLAIu UFrea then contracts so does the

FCA FCB DCAB distance

If hisYeah
contraction with contraction factor at 10,1 Let F kn kn be the

F has a unique fixedpoint A
For all Aekn Fmca

ftp.fgetfgdfsmffffiea.pe
one of our example
of square staircase

We call A the attractorof F
an exampleof

Proof

Fx Ae kn Consider the Orbit FMCA then

DCFmaCA FMCA DACFIA FMCA

7DCFCA A 3callthisEm

e EEm20 1111 Therefore FCA kn is stronglyStronglyCauchy
I fneif.hnoff Iac butlust

chan

FMA is cauchy FMCA A ckn since kniscomplete

nee F is continuous Fm A FCA Hence FCA A

uppose A B are fixed points for F then

D.CA B DCFCA FIBS aDCA B aeCO1
DCA'tB 0 A B

hapter 10 complexfunctions assume polarform andcomplex algebra

o z.li sa E aa cea v.eso.zsso.o.n i
Wedefine thederivativeof f z at zoby f zo 15 providedthe limit exists



efn Let at be a fixedpointof flz

emark we obtain the analouge of the attracting repelling fixed point theorems

Hz E ZH
Fixed points 22 2 1 z 22 1 0 z i

z 22H
ficist 121 11 NH Fs I
f'sill 2111 55 21
repelling

and 0 o 21Recall a
2 at b

z recosotisint rem
no

act e e eicoto

re o reino

ecall fe e this gets of periodicpoints
nth roots ofunity



ini naninn

ii t
if

iiiiiii
periodf

1871211 If f
frombeforeworksin a

i Z is a repelling periodicpointfor f w

hapter11 JuliaSets

otation ForCeC Q a 22 c

ef'n Let it eThen the filledJuliasetfor c is 12 zee a c
fified

zee Moo neIN IQicz M complexanalougeof

mark This is the complexanalouge of 1 forQca site where c Randca2

In do A is aex acamea sit an at unionmaynotbeintheset

the interiorofA is int A atA Eso BelacA
the boundary ofA is 2 A IntA

mean
jfitwww.napeareanut

openfilledpeanut outlineofpeanut



emark A is closedoffA

Assignment4 willshowheisclosed means Jc wontcontain anynew points fromthefilledJuliaset

Def'n Ct 0 TheJuliasetfor C is Je 2ke

emark Jc 2ke KT Intke Kelintke

p
S

I Q 2I r4eliot r4
I Q z Irsesio r8

IQ 2 r

f re 0,1 Q z bounded

ZEC 12 1

Jo Ze 121 1 unitcircle

a I 22 2

R z e e 121 1

iz Itantiation
function aim to bridgeinformation bw Qoand Q 2

ClaimH is Injective H z How z w to

EE I II on

Since water we have w 22 0 w z BYE want'iw
Since HLwl Hz W z

on

IEE



ote 2 2 I

f ZtER or Z.GR HCzA w or Hez W Otherwise 1211

IT I Heo e é 200s 0 1 2,2



E.EE iEnkoz1211

Jo z 1211

a Him
H injective
H R C 2,2 surjective

HCQ.cz H E Z't 2

Q2CHIN z I I
H Q z Q HCE

SCQ 1a ones j
is playing

the's
beconjugatebutwewantdeane

Compare

II lznttz.nl
12,1 1 reversetriangle inequality

1Hzn
Howdoes acomplex gotoinfinity

0 ze E 2,2 2 Hw weR

Q 2 1 Q Hw

I H104
we r 2 z Ko Q

2 K2

0 Let ze 212
ponged

Bygraphicalanalysiszeke
a

herefore k 2 2,2
J z 2,2 this is the boundary in thecomplex plane

these are theonly 2 Juliasets that aren't fractals



pffjf.m.in 121 101 2 then I Qi z 0 Inparticular 2 ke

proof we have Qcz 122 c I z I fromproposition
1212 121
ZI 121 1

Say 121 2 2 270 121 1 Ita

ence Qc z 12111 2

IQ z 121 Ita Howcome121doesn'tget raised to then

nd Ita 0 hence IQ z

Corollary 1472 then IQ cos is so that o kc

IQ 271 6 By pervious proposition
1051011 0

Corollary M max

complex

If 1217M then 1061211 0 thus s µ

4141 457121 0

Cannot use escapecriterion butuse exact sameproof bc the assumption 1212101 2 in theEscapecrimepis

Hint wehaven'tshowedke isclosedbut knowing Ket z 121am helps in showing that

corollary if K sit lack z max 14,2 then IQ z 0 thus z ke

Igorithm

choose alargeNeIN
if IQicz max 14,2 forisa colour z white
if Qicz max 1,2 forall is N colourz black

he blackshaded region approximateske



1in YIamnniann neannan

m iii

12311 V49 V5 5
No if Kai

e tends to besparse soit washighly likely itKati

mark ne 2 n o

f eintat cosint isinentat

bade gocosintat is sinintat

skin t.it iniiji

0 itbeingzerois usefulandimportant to fourieranalysis

goeintat f Idt 21

rop Cauchy'sEstimate
notmostgeneral

et Plz and be a polynomial s t lecz M forall 12 Zoler then

Pzo

ʰassume
20 0

Assume IP z M for Izler

Then In PᵗÉ at
byreitgives 1

ItSo ans e'in t dt



g
when n t o theintegration't zero

P o
from Ingetral proprietiesofabsolutevalue

and so P011 So at

ItSo at H

ase2 Generalcase

same 1Pa 2M for12201 r

t w z Zo so that PlwtZoll M for all w er

can iii ii Iii
fzf.JP 1I

absolutevalues

eorem If Zois a repelling periodicpoint forQ.cz thenzo Jc

roof Assume zo is a repelling periodic pointwithaeriodn Suppose20 Jc SinceZo is periodic

zotko.msto intke and so Froo sit Z eke forall z z r Iii
orall Sit 12Zoler andall kein QE f I m where µ maxy

escapecriterion contrapositive

ytheCauchyestimate
1QE forall ke IN

untmdjj.IMi as1Say Blakecalled it
acuteproof it

nally QE Zo Qi Zo Qi Qc20 Qi Qc 20 maybe onthefinal

7 a whichcontradicts theCauchyestimate

It Kee closed If z e Int k then QcczleintCQ.lk

reposition IfQ.czeJc then zeJc theJuliasetof thepreimage

no I LIFE note accretke zese



L 7 2024 Fridaynextweekis holiday Wednesdaynextweekwillstart Guestspeaker

Recall if Quiz eJc Zejo

efn Wesay Qcis supersensitive at z.to iffwheneverwe isopen suchthat z.eu me
flitting

act 2ofJcQc is supersensitive atzo

x Jo is theunitcircle

pointsoutherewillbesquared
wholecirclewillexpandandrotateandcoverthewholeplane

9
pi z e e andZoeJc
ForEO U BeZo
bySupersensitivity k wEU sit Qc w z

Bylookingatthebackwards orbitof z wecanfind averyclose we togo
whywewere

closetoJuliaset

ore precisely
a

roots pick
onerandomly

chosezee
Compute10000 termsinthebackwardsorbit randomly

elicting
a preimage ateachstep

Plotall butthefirst100points fromthebackwardsorbit bleconsidersufficent for numeries wearenttalkingabout

Pathconnected forCe Mandelbrotset theJuliaset is pathconnected

Different ce Mandelbrotset willhave different periodicpoints

e Mandelbrotset isa dictionaryforthe Juliasets

hapter12 TheMandelbrot set

He bex Apathfrom a to b is a continuous function 8 10,1 sit 8101 a and811 b

HE
Wesay AcX is path connected iffta.beA a path 2 0,1 from a to b s.t.sii eA

H thisispathconnected



11AM notpathconnected

The maximal pathconnectedsubsets of Aarecalled thepathconnected componentsofA

AM notpathconnected

3pathconnected components

WesayA is totally disconnected off the pathconnected componentsof A are exactly a a

Ex CantorSet

notnecessarily isolated



282012021
A
ispathconnected ifffa.beA a continuous 2 0,1 21079 811 b 8110,1 A

A is totallydisconnected iff a bthere is no path in A fromatob

A z 12113

pathconnected

A
notpath connected butnot totally disconnected

Ke IR Cantor set is totally disconnected rememberthatthecantorset is not isiated

Theorem For Qcz 22 to either

IQcoll is bounded Oeke in which case he is pathconnected

IQico 0 0 ke in whichcase he is totallydisconnected

ef'n TheMandelbrotsetM Cee Qco is bounded

Cee IQ 0 a

I I painconnected

ecale If 14 2 1001 0 Me z 12123

0 2 M
c O 2 botharepathconnected andcontainzero

Ex c 2 Q.cz 222

2 M

i t t ti ni Eventuallyperiodic



IQi o bounded ie M

roat Describe theshape ofMe

Bam



L Mar2224
Assignmentdue nextnext tuesday GuestspeakersstartWednesdaynext week

noclass april8th Exam breakdown Monday theoremlistonMonday

Recall M Ce6 Q o is bounded

cell o eke
ce IQi1011 a

cell ke is pathconnected

ecall C M he is totally disconnected

emark Z EC Q 22 C

M max 11,2 bythe escape criterion

n IQ z M

ay
something sutble notall limits thatare unboundedgoto infity like 0,10,20,3

oal Describethegeneralshape ofM

investigation

WhendoesQelz have an attracting fixedpoint

uppose Zee is an attractingfixedpointforQc Fr 0 KEBr z Q a z AEnalogofattractingfixed
therem

Br z ke
Kcpathconnected in

Now 22 c 2 122121

C z 22 121242

the149 themostextremevalueis when121

c Ie e where Oer famousshape cartiod

199IE
YndaYattractingfixedpoint

em



0 When does Qchave anattracting 2 cycle

f Qe has anattracting periodicpoint 2 withperiod2 wecan similarityjustify that ee M

weknow 22 c
simplified tryforyourself

24 2022 z e't e 0 thefixedpointsofQ arealso rootsofthis polynomial

et p Pa bethefixedpointsofQe

z pillzPa 22Zte is afactor oftheprevious polynomial

thus z is a rootof 2 242222 etc thiswill isolate therootsthatare 2cycles

22 z c polynomial division tryforyourself

et z andz betheroots of 22 tztctl.ie z z are the period2points for Qc Forthes to be
attracting Qi z 21

Q z QZz 4

i
12,221 4

Icall circleofraduis t starting at 1

em

ifyoudo this tn thenyougetmandelbrotset There are algorithmsforthe Mandelbrot set to visualizeit WeIttouc

Proposition N cell I C 02423 A c I c te 23h
HOMEWORK shouldbe algorithmforcomputer

eachof these are a preimage of a closedsetsfrom 2to 2

Proposition M is closed

Ohm cm



rMarch25th2f24
Lasttraditionallecture Guestspeakers startWednesday

hapter 13 PolynomialJuliaSets

Theorem Polynomial Escape criterion

tt fun fight
polynomial I withan 0and no2 Thereexists R O dependingonlyon nand

anonleading
coetricents used

nd net c Eilat considerr.maxe.fi pf Assume1212R Then

local lanzniTai.in

asana can.si iiiii i iii
Ianz.nl I inmustbebiggerthanfrom R

121 tant Fa
Note 1212

121 lant 19

121 I and

121 ant21

ote 121
121 an n

121 A

has 1P z 7 21 a

emary Ipr.cz4R
IP z D

efn Let P z be acomplex polynomial withdegree 2
thefilledJuliasetofPCA Kp ZeCP z is bounded
TheJuliasetofplz is Jp 2Kp
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MultibrotSets Lookup

are all Julia Sets Symmetric


